We examine two-cardinal problems for the class of O-minimal theories. We prove that an O-minimal theory which admits some (κ, λ) must admit every (κ , λ ). We also prove that every "reasonable" variant of Chang's Conjecture is true for O-minimal structures. Finally, we generalize these results from the two-cardinal case to the δ-cardinal case for arbitrary ordinals δ.
(κ , λ ). In section 4, we generalize these results from the two-cardinal case to the δ cardinal case, where δ is some arbitrary ordinal.
Throughout the paper, T is countable and O-minimal and M is a monster model for T . We assume basic facts about O-minimal theories. These can be found in [5] and [3] . We always let "<" pick out the order of M, and we assume that the "small" portions of our two-cardinal models are picked out by the predicate "P ". Using the fact that T is O-minimal, we fixĉ 1 , . . . ,ĉ 2n ∈ M ∪ {±∞} andd 1 , . . . ,d m ∈ M such that
Notationally, we use M, N, . . . to denote models and A, B, . . . to denote subsets of models. We use α, β, γ, . . . to denote ordinals; κ, λ, µ, . . . to denote infinite cardinals; m and n to denote natural numbers; and i, j, k and l to denote either ordinals or natural numbers depending on the context. We use "≺" to mean .
Admitting Cardinals
The next lemma is, in some sense, the key to the entire paper. It shows that prime model constructions respect algebraic independence vis-a-vis definable subsets of M. over A such that ψ(x,ā) isolates tp(b, A). Since A is algebraically closed, we may assume that ψ is of the form "a 1 < x < a 2 " where a 1 , a 2 ∈ A ∪ {±∞}. Further, since ψ both isolates tp(b, A) and entails that b is in P (M), there must be some i such that ψ(x) ĉ i < x <ĉ i+1 . Hence,ĉ i ≤ a 1 < a 2 ≤ĉ i+1 .
Because of this, and because P (A) ⊂ M , both a 1 and a 2 must live in M . Thus, since a 1 < b < a 2 and M ≺ M, M must satisfy "∃x(a 1 < x < a 2 )". Hence, for some n 1 ∈ M ∩ (a 1 , a 2 ), ψ does not decide either "a 1 < x < n 1 " or "n 1 < x < a 2 " . So, ψ fails to isolate tp(b, A) for a contradiction.
Lemma 2 Let P (N ) ⊂ M ≺ N and let a ∈ N \ M . Let A ⊃ N be algebraically closed, let p ∈ S(A) be an heir of tp(a, M ), and let b |= p. Then, P (acl (Ab)) ⊂ A.
Proof. Suppose not, and let c ∈ P (acl(Ab)) \ A. Since c ∈ acl(Ab) and c / ∈ A, b ∈ acl(Ac). Let ψ(x,m,ā, c) witness this. Then,
Since tp(b, A) is an heir of tp(a, M ), there is somem such that,
Since N must satisfy this formula, and since P (N ) ⊂ M , we conclude that a must be algebraic over M . But, this contradicts a ∈ N \ M .
At the end of the day, N δ = i<δ N i will be the desired M F .
For i = 0, we argue as in the proof of theorem 4. Using compactness, we obtain a sequence of pairs,
We then let N 0 be arbitrary such that |N 0 | = F (0) and i<δ M i ⊂ N 0 .
For i > 0, we assume that N j has been defined for all j < i. By induction, we construct a strictly Remark: Note that theorem 7 does not require us to start with an initial δ-cardinal model which witnesses all of the relevant cardinality splits simultaneously. We can start with a collection of models, each witnessing a different cardinality split, and then parlay these models into a single δ-cardinal model which exhibits some desired sequence of cardinality splits. Hence, by the construction ofN i , ψ j (N i ) = ψ j (N j ) as desired.
